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Some basic estimates {#Sec2}
====================

In this section, we are going to give some estimates, which will be useful in the following section. At the beginning, we will give some notations.
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\gamma (t)=z+t(w-z)$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\gamma(t_{0})\in\partial B(z)$\end{document}$ (set $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$t_{0}=1$\end{document}$ if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$w\in B(z)$\end{document}$). Then ([5](#Equ5){ref-type=""}) gives $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} d(z,w)&\leq \vert w-z \vert \int_{0}^{1}\frac{dt}{\rho _{\phi}(\gamma(t))} \\ &\leq C \vert w-z \vert \biggl( \int_{0}^{t_{0}}+ \int _{t_{0}}^{1} \biggr)\frac{dt}{\rho_{\phi}(\gamma(t))} \\ &\leq C\frac{ \vert w-z \vert }{\rho_{\phi}(z)} \int_{0}^{1}dt+ C \biggl(\frac{ \vert w-z \vert }{\rho_{\phi}(z)} \biggr)^{1+M_{1}} \int_{0}^{1} t^{M_{1}}\,dt \\ &\leq C \biggl(\frac{ \vert w-z \vert }{\rho_{\phi }(z)} \biggr)^{\beta}, \end{aligned}$$ \end{document}$$ where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\beta>0$\end{document}$. The proof is completed. □

Now, we can estimate the following integral.

Lemma 2 {#FPar3}
-------

*Given* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p>0$\end{document}$ *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$k\in\mathbb {R}$\end{document}$, *we have* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\int_{ {\mathbb {C}}^{n}}\rho_{\phi}(\zeta)^{k}e^{ - pd(z,\zeta )}\,dv( \zeta)\leq C\rho_{\phi}(z)^{k+2n}, $$\end{document}$$ *where* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$C>0$\end{document}$ *is a constant depending only on* *n*, *p* *and* *k*.

Proof {#FPar4}
-----

By ([6](#Equ6){ref-type=""}), it is easy to check that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \int_{B(z)}\rho_{\phi}(\zeta)^{k}e^{ - pd(z,\zeta)}\,dv( \zeta) \leq \int_{B(z)} \rho_{\phi}(\zeta)^{k}\,dv(\zeta) \leq C\rho_{\phi }(z)^{k+2n}. \end{aligned}$$ \end{document}$$ Estimate ([9](#Equ9){ref-type=""}) gives $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \int_{{{\mathbb {C}}^{n}}\backslash B(z)}\rho_{\phi}(\zeta)^{k}e^{ - pd(z,\zeta)}\,dv( \zeta) &\leq \int_{{{\mathbb {C}}^{n}}\backslash B(z)}\rho_{\phi}(\zeta)^{k}e^{ - pC_{1} (\frac{ \vert z-\zeta \vert }{\rho_{\phi }(z)} )^{\alpha}}\,dv( \zeta) \\ &\leq \int_{{{\mathbb {C}}^{n}}\backslash B(z)}\rho_{\phi}(\zeta )^{k} \int_{pC_{1} (\frac{ \vert z-\zeta \vert }{\rho _{\phi}(z)} )^{\alpha}}^{\infty}e^{-s}\,ds \,dv(\zeta) \\ &\leq \int_{pC_{1}}^{\infty}e^{-s} \int_{ B^{ (\frac {s}{pC_{1}} )^{\frac{1}{\alpha}}}(z)}\rho_{\phi}(\zeta )^{k}\,dv( \zeta)\,ds. \end{aligned}$$ \end{document}$$ By ([5](#Equ5){ref-type=""}), the inequality above is no more than $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& \int_{pC_{1}}^{\infty} \sup_{\zeta\in B^{ (\frac{s}{pC_{1}} )^{\frac {1}{\alpha}}}(z)} \rho_{\phi}(\zeta)^{k}v \bigl(B^{ (\frac {s}{pC_{1}} )^{\frac{1}{\alpha}}}(z) \bigr)e^{-s}\,ds \\& \quad \le C\rho_{\phi}(z)^{k+2n} \int_{pC_{1}}^{\infty}s^{\frac{2n+\max \{kM_{2}, -kM_{1}\}}{\alpha}}e^{-s}\,ds =C \rho_{\phi}(z)^{k+2n}. \end{aligned}$$ \end{document}$$ Therefore, $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\int_{ {\mathbb {C}}^{n}}\rho_{\phi}(w)^{k}e^{ - pd(z,w) }\,dv(w) \leq C\rho_{\phi}(z)^{k+2n}. $$\end{document}$$ The proof is completed. □

Next, we will give the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$L^{p}(\phi)$\end{document}$-norm of the Bergman kernel $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$K(\cdot , \cdot)$\end{document}$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathcal{F}^{2}(\phi)$\end{document}$.

Proposition 3 {#FPar5}
-------------

*For* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$0< p<\infty$\end{document}$, *we have* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\bigl\Vert K(\cdot, z) \bigr\Vert _{p,\phi}\leq C e^{\phi(z)}\rho _{\phi}(z)^{2n (\frac{1}{p}-1 )}, \quad z\in{\mathbb {C}}^{n}. $$\end{document}$$

Proof {#FPar6}
-----

By ([3](#Equ3){ref-type=""}) and Lemma [2](#FPar3){ref-type="sec"}, we obtain $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \int_{{\mathbb {C}}^{n}} \bigl\vert K(w, z) \bigr\vert ^{p}e^{-p\phi(w)}\,dv(w) &\le C\frac{e^{p\phi(z)}}{\rho_{\phi}(z)^{pn}} \int_{{\mathbb {C}}^{n}}\rho_{\phi}(w)^{-pn}e^{-p\epsilon d(z,w)}\,dv(w) \\ &\leq Ce^{p\phi(z)}\rho_{\phi}(z)^{2n(1-p)}. \end{aligned}$$ \end{document}$$ The proof is completed. □

Lemma 4 {#FPar7}
-------

*For* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$0< p<\infty$\end{document}$, *there is a constant* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$C>0$\end{document}$ *such that for all* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$r\in (0,1]$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f\in H({\mathbb {C}}^{n})$\end{document}$ *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$z\in{\mathbb {C}}^{n}$\end{document}$, *we have* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \bigl\vert f(z) \bigr\vert e^{-\phi(z)}\leq \frac{C}{r^{\frac {2n}{p}}\rho_{\phi}(z)^{\frac{2n}{p}}} \biggl( \int_{ B^{r}(z)} \bigl\vert f(w)e^{-\phi(w)} \bigr\vert ^{p}\,dv(w) \biggr)^{\frac{1}{p}}. $$\end{document}$$

Proof {#FPar8}
-----

If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p=2$\end{document}$, ([15](#Equ15){ref-type=""}) is just Lemma 13 in \[[@CR10]\]. For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p\neq2$\end{document}$, we borrow the idea in Lemma 19 of \[[@CR7]\] and Lemma 13 in \[[@CR10]\]. The details are omitted. □

Boundedness of Bergman projections {#Sec3}
==================================

Recall that the Bergman projection *P* on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$L^{p}(\phi)$\end{document}$ is defined as $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Pf(z)= \int_{{\mathbb {C}}^{n}}K(z,w)f(w)e^{-2\phi(w)}\,dv(w),\quad z\in {\mathbb {C}}^{n}. $$\end{document}$$ In this section, we focus on the boundedness of Bergman projections *P* from $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$L^{p}(\phi)$\end{document}$ to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathcal{F}^{p}(\phi)$\end{document}$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$1\leq p\leq \infty$\end{document}$.

Theorem 5 {#FPar9}
---------

*Let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$1\leq p\leq\infty$\end{document}$. *Then the Bergman projection* *P* *is bounded as a map from* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$L^{p}(\phi)$\end{document}$ *to* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathcal{F}^{p}(\phi)$\end{document}$.

Proof {#FPar10}
-----

By the definition of *P*, we can conclude *Pf* is holomorphic on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}${\mathbb {C}}^{n}$\end{document}$. Fubini's theorem and Proposition [3](#FPar5){ref-type="sec"} yield $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \Vert Pf \Vert _{1,\phi} &\leq \int_{{\mathbb {C}}^{n}}e^{-\phi(z)}\,dv(z) \int_{{\mathbb {C}}^{n}} \bigl\vert K(z,w)f(w) \bigr\vert e^{-2\phi(w)}\,dv(w) \\ &= \int_{{\mathbb {C}}^{n}} \bigl\vert f(w) \bigr\vert e^{-2\phi (w)}\,dv(w) \int_{{\mathbb {C}}^{n}} \bigl\vert K(z,w) \bigr\vert e^{-\phi(z)}\,dv(z) \\ &\leq C \Vert f \Vert _{1,\phi} \end{aligned}$$ \end{document}$$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f\in L^{1}(\phi)$\end{document}$. Given $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f\in L^{\infty}(\phi)$\end{document}$, we obtain $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \Vert Pf \Vert _{\infty,\phi} &\leq\sup_{z\in{\mathbb {C}}^{n}}e^{-\phi(z)} \int_{{\mathbb {C}}^{n}} \bigl\vert K(z,w)f(w) \bigr\vert e^{-2\phi(w)}\,dv(w) \\ &\leq \Vert f \Vert _{\infty,\phi}\sup_{z\in{\mathbb {C}}^{n}}e^{-\phi(z)} \int_{{\mathbb {C}}^{n}} \bigl\vert K(z,w) \bigr\vert e^{-\phi(w)}\,dv(w) \\ &\leq C \Vert f \Vert _{\infty,\phi}. \end{aligned}$$ \end{document}$$ If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$1< p<\infty$\end{document}$, Hölder's inequality and Fubini's theorem give $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& \Vert Pf \Vert ^{p}_{p,\phi} \\& \quad \leq \int_{{\mathbb {C}}^{n}}e^{-p\phi(z)}\,dv(z) \biggl( \int_{{\mathbb {C}}^{n}} \bigl\vert K(z,w)f(w) \bigr\vert e^{-2\phi(w)}\,dv(w) \biggr)^{p} \\& \quad \leq \int_{{\mathbb {C}}^{n}} \int_{{\mathbb {C}}^{n}} \bigl\vert f(w) \bigr\vert ^{p}e^{-p\phi(w)} \bigl\vert K(z,w) \bigr\vert e^{-\phi(w)}\,dv(w) \bigl\Vert K(z,\cdot) \bigr\Vert _{1,\phi}^{p-1}e^{-p\phi(z)}\,dv(z) \\& \quad \leq C \int_{{\mathbb {C}}^{n}}e^{-\phi(z)}\,dv(z) \int_{{\mathbb {C}}^{n}} \bigl\vert f(w) \bigr\vert ^{p}e^{-p\phi(w)} \bigl\vert K(z,w) \bigr\vert e^{-\phi(w)}\,dv(w) \\& \quad \leq C \int_{{\mathbb {C}}^{n}} \bigl\vert f(w) \bigr\vert ^{p}e^{-p\phi (w)}e^{-\phi(w)}\,dv(w) \int_{{\mathbb {C}}^{n}} \bigl\vert K(z,w) \bigr\vert e^{-\phi(z)}\,dv(z) \\& \quad \leq C \Vert f \Vert ^{p}_{p,\phi} \end{aligned}$$ \end{document}$$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f\in L^{p}(\phi)$\end{document}$. Thus, *P* is bounded from $\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$L^{p}(\phi)$\end{document}$ to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathcal{F}^{p}(\phi)$\end{document}$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$1\leq p\leq\infty$\end{document}$. The proof is ended. □

In addition, we observe that the Bergman projection is also well defined and bounded on the weighted Fock space $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathcal{F}^{p}(\phi )$\end{document}$ with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p<1$\end{document}$.

Remark 6 {#FPar11}
--------

For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p<1$\end{document}$, the Bergman projection *P* is bounded on $\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathcal {F}^{p}(\phi)$\end{document}$.

Proof {#FPar12}
-----

First, we claim that *P* is well defined on $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathcal {F}^{p}(\phi)$\end{document}$. In fact, given any $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f\in\mathcal{F}^{p}(\phi)$\end{document}$, by ([3](#Equ3){ref-type=""}), ([15](#Equ15){ref-type=""}) and Lemma [2](#FPar3){ref-type="sec"}, we obtain $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& \begin{gathered} \int_{{\mathbb {C}}^{n}} \bigl\vert K(z,w)f(w) \bigr\vert e^{-2\phi(w)}\,dv(w) \\ \quad \leq C \Vert f \Vert _{p,\phi} \int_{{\mathbb {C}}^{n}}\rho _{\phi}(w)^{-\frac{2n}{p}} \bigl\vert K(z,w) \bigr\vert e^{-\phi(w)}\,dv(w) \end{gathered} \\& \begin{gathered} \quad \leq Ce^{\phi(z)}\rho_{\phi}(z)^{-n} \int_{{\mathbb {C}}^{n}}\rho _{\phi}(w)^{-\frac{2n}{p}-n}e^{ - \epsilon d(z,w)}\,dv(w) \\ \quad \leq Ce^{\phi(z)}\rho_{\phi}(z)^{-\frac{2n}{p}}< \infty. \end{gathered} \end{aligned}$$ \end{document}$$ Now, we deal with the boundedness of *P*. In fact, let $\documentclass[12pt]{minimal}
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\{a_{k}\}_{k}$\end{document}$ be the lattice. For $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
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                \usepackage{amsbsy}
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f\in\mathcal {F}^{p}(\phi)$\end{document}$, we get $$\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \bigl\vert P f(z) \bigr\vert ^{p}&\leq \Biggl(\sum _{k=1}^{\infty} \int_{B(a_{k})} \bigl\vert f(w)K(w,z) \bigr\vert e^{-2\phi(w)}\,dv(w) \Biggr)^{p} \\ &\leq\sum_{k=1}^{\infty} \biggl( \int_{B(a_{k})} \bigl\vert f(w)K(w,z) \bigr\vert e^{-2\phi(w)}\,dv(w) \biggr)^{p} \\ &\leq\sum_{k=1}^{\infty}v \bigl(B(a_{k}) \bigr)^{p} \Bigl(\sup_{w\in B(a_{k})} \bigl\vert f(w)K(w,z) \bigr\vert e^{-2\phi(w)} \Bigr)^{p}. \end{aligned}$$ \end{document}$$ Notice that the associated function $\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\rho_{2\phi}=\frac{\sqrt {2}}{2}\rho_{\phi}$\end{document}$, which follows from ([4](#Equ4){ref-type=""}). Applying Lemma [4](#FPar7){ref-type="sec"} with weight 2*ϕ* instead of *ϕ*, there then is some constant $\documentclass[12pt]{minimal}
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                \begin{document}$C>0$\end{document}$ such that $\documentclass[12pt]{minimal}
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                \setlength{\oddsidemargin}{-69pt}
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